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Abstract. It is shown that a countable symmetric multiplicative subgroup 
G = —H U H with H C is the group of self-similarities of a Gaussian- 
Kronecker flow if and only if H is additively Q-independent. In particular, a 
real number s ^ ±1 is a scale of self-similarity of a Gaussian-Kronecker flow if 
and only if s is transcendental. We also show that each countable symmetric 
subgroup of R* can be realized as the group of self-similarities of a simple 
spectrum Gaussian flow having the Foia§-Stratila property. 



Assume that T — (Tt)teM. is a (measurable) measure-preserving flow acting on 
a standard probability Borel space (X,B,/i). Given s E W, one says that it is 
a scale of self- similarity of T if T is isomorphic to T s := (T st ) t ^. Denote by 
I(T) the set of all scales of self-similarities of T. Then T is called self-similar if 
I(T) ^ {±1}- Classical examples of self-similar flows are given by horocycle flows 
where I(T) equals either K* or [TJJ]. A systematic study of the problem of 
self-similarity has been done recently in |4_ and |6J. In particular, I(T) turns out 
to be a multiplicative subgroup of R* ([6) which is Borel ([!]), and one of the 
main problems in this domain is to classify all Borel subgroups of M.* that may 
appear as groups of self-similarities of ergodic flows; see also [3], |T5], [23], [25] for a 
recent contribution to other aspects of the problem of self-similarity of ergodic flows. 
From this point of view the subclass of so called GAG flows [TlQ of the class of 
Gaussian flows is especially attractive since self-similarities appear there as natural 
invariants, see ([TJ below. By definition, GAG flows are those Gaussian flows whose 
ergodic self-joinings remain Gaussian. All Gaussian flows with simple spectrum are 
GAG flows [T? . If T a = (T t cr ) t6 R denotes the Gaussian flow determined by a finite 
positive (continuous) measure a on M + and the flow is GAG then 

(1) I0~ a ) is equal to the (multiplicative) group — 1(a) U 1(a), 

where 1(a) — {s £ K!j_ : a s = a} and a s = (R s )*(a) denotes the image of a via 
the map R s : x i— >■ sx [T7]. Recall that —1 is always a scale of self-similarity for a 
Gaussian flow. 

In this note we focus on the problem of self-similarities in some subclasses of 
simple spectrum Gaussian flows. We first recall already known results. Classically, 
if a is concentrated on an additively Q-independent Borel set A C M. + then the 
Gaussian flow T ff has simple spectrum, see [SJ. Moreover, the subgroup H := 
I(T a ) n H.1 is an additively Q-independent set. Indeed, suppose that H is not an 
additively Q-independent set. That is, for some distinct hi, ... , h m € H we have 
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4n 1 151 as well as in 1171 only Gaussian automorphisms are considered, however all results can 
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2 



K. FRA.CZEK, J. KULAGA, AND M. LEMANCZYK 



Denote by Hq C H the multiplicative subgroup generated by h\,...,h m . Since 
Hq C I(T a ), we have o~h = a for h E Hq, thus the Borel set B = C\ hGH hA has 
full (T-mcasurc, is Q-indcpendent, and is literally /To-invariant. Take any non-zero 
x E B. Then the elements hiX £ B, i = 1, . . . , m, are distinct. Now. Q yields 

m m 

h{hix) = x ^2 k i h i = °7 

i=l i=l 

so _B is not independent, a contradiction. On the other hand, in [6 , it is shown 
that whenever a countable group H C M.* + satisfies: 

For each polynomial P E Q[x 1} . . . , x m ] if there is 

(3) a collection of distinct elements hi, ... , h m in H such that 
P(hi,...,h m ) = then P = 0, 

then there exists a probability a concentrated on a Borel Q-independent set such 
that I{T a ) = —H U H. It is not difficult to see that the condition ^ is equivalent 
to saying that H is an additively Q-independent set. 

Theorem 1 (|6J). Assume that G = —H U H , where H C M.* + is a countable 
multiplicative subgroup. Then G can be realized as /(T^) for a Gaussian flow 
whose spectral measure a is concentrated on a Borel Q-independent set if and only 
if H is an additively Q-independent set. 

Note that for H cyclic generated by s E K+, the Q-independence condition is 
equivalent to saying that s is transcendental. Hence, by Theorem]!] a real number s 
can be realized as a scale of self-similarity of a Gaussian flow whose spectral measure 
is concentrated on a Q-independent Borel set if and only if s is transcendental. 

On the other hand, there are no restrictions on H in the class of all Gaussian 
flows having simple spectrum. 

Theorem 2 For each countable subgroup H C there exists a simple 

spectrum Gaussian flow T a such that I(T a ) = —H U H . 

Note that, in particular, the above result of Danilenko and Ryzhikov brings 
the positive answer to the open problem |14) of existence of Gaussian flows 7" CT 
with simple spectrum such that a is not concentrated on a Q-independent set; 
indeed, whenever H is not an additively Q-independent set, by Theorem [T] the 
spectral measure a resulting from Theorem [2] cannot be concentrated on a Borel Q- 
independent set. See also [3] for constructions of Gaussian flows with zero entropy 
and having uncountable groups of self-similarities. 

Our aim is to continue investigations on realization of countable subgroups as 
the groups of self-similarities in further restricted classes of Gaussian flows whose 
spectral measures are classical from the harmonic analysis point of view. Recall 
some basic notions. For every s E K let £ s : R — > S 1 be given by £ s (t) = exp(2nist). 
A finite positive Borel measure a on R is called Kronecker if for each / E L 2 (IR, a), 
|/| = 1 cr-a.e., there exists a sequence (t n ) C K, t n — > oo, such that 

(4) m L 2 (R,a). 

Each measure a concentrated on a Kronecker set |12j . |18| is a Kronecker measure. 
Indeed, Kronecker sets are compact subsets of K on which each continuous function 
of modulus one is a uniform limit of characters. Kronecker sets are examples of 
Q-independent sets |18 . In general, as shown in [15] . a Kronecker measure is con- 
centrated on a Borel set which is the union of an increasing sequence of Kronecker 
sets, hence a Kronecker measure is concentrated on a Borel Q-independent set, and 
the restriction on H in Theorem [T] applies. This turns out to be the only restriction 
as the main result of the note shows. 
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Theorem 3. Assume that G = —H U H , where H C is a countable multi- 
plicative subgroup. Then G can be realized as I{T a ) a Gaussian-Kronecker 
flow if and only if H is an additively ^-independent set. In particular, h £ K + 
can be a scale of self-similarity for a Gaussian-Kronecker flow if and only if h is 
transcendental. 

An extremal case when two dynamical systems are non-isomorphic is the dis- 
jointness in the Furstenberg sense [7], see also [5], [TT], [T3], [23J for disjointness 
results in ergodic theory. We would like also to emphasize that the notion of dis- 
jointness turned out to be quite meaningful in the problem of non-correlation with 
the Mobius function of sequences of dynamical origin [1] : we need that an automor- 
phism T has the property that T p and T q are disjoint for any two different primes. 
In connection with that we will prove the following. 

Theorem 4. Assume that T a — (T , J f r ) te R is a Gaussian-Kronecker flow. If s € 
Q\{±1} thenT° is disjoint from T° . For every Gaussian-Kronecker automorphism 
T : {X,B,n) — > (X,B,/j,) the iterations T n , T m are disjoint for any two distinct 
natural numbers n,m. 

If s is irrational then there exists a Gaussian-Kronecker flow T a such that T S CT 
and T° have a non-trivial common factor. 

An importance of Kronecker measures in ergodic theory follows from the follow- 
ing remarkable result of Foias, and Stratila [5J (see also [2J, and remarks on that 
result in [15] and [21]): 

If (St)teR is an ergodic flow of a standard probability 

Borel space (Y,C, v), f E L 2 (Y,C, v) is real and the spectral measure 

at of / is the symmetrization of a Kronecker measure, 

then the (stationary) process (/ o St)teR is Gaussian. 

In JT5J, any measure a satisfying the assertion (|5| of Foia§-Stratila theorem is called 
an FS measure. Each Kronecker measure is a Dirichlet measur^][18 , but as shown 
in [T5], there are FS measures which are not Dirichlet measures (see Figure [TJ. 
Moreover, in [21] . it is announced that each continuous measure concentrated on 



FS measures 



Kronecker 
measures 



Dirichlet measures 



Figure 1. Different classes of measures 



an independent HelsorQ set is a Kronecker measure (for some examples in [21] , 
the resulting Gaussian flows have no non-trivial rigid factors). We will strenghten 
Theorem [2] to the following result . 



In a sense, we can also control the flows T as for s £ — H U H; we will prove their disjointness 
from T" , see the proof of this theorem. 

probability Borel measure a on R is Dirichlet, if J4k is satisfied for / = 1. From the 
dynamical point of view, Dirichlet measures correspond to rigidity: a flow T is rigid if T tn — > Id 
for some t n — > 00. 

4 A C R is called Helson if for some 5 > and each complex Borel measure k concentrated on 
A the sup tgK |/ R e 27rltx is bounded away from the 5-fraction of the total variation of k. 
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Theorem 5. Any symmetric countable group GcK* can be realized as the group of 
self-similarities of a simple spectrum Gaussian flow l~ a with a being an FS measure. 

In particular, in connection with the forementioned question from |14| . there 
is an FS measure for which the Gaussian flow has simple spectrum but a is not 
concentrated on a Q-independent set. These are apparently the first examples of 
FS measures which are not concentrated on Q-independent Borel sets but yield 
Gaussian flows with simple spectrum (cf. [TS] and |21|). 

At the end of the note we will discuss self-similarity properties of Gaussian flows 
arising from a "typical" measure or from the maximal spectral types of a "typical" 
flow (cf. the disjointness results from [3]). 

Theorem 6. Assume that < a < b. For a "typical" a G V([a, b]) the flow T a is 
Gaussian-Kronecker such that for each \r\ ^ \s\ the flows T <Tr andT as are disjoint. 
In particular Iil" 17 ) — {±1}- 

For a "typical" flow T of a standard probability Borel space {X,B,p), for its 
maximal spectral type a-j- we have: 7 -<TT l R + has simple spectrum and for \r\ ^ \s\ 
the flows T ( - aTlR + )r andT {aTlR + )e are disjoint. In particular I (T CTr|E +) = {±1}. 

1. Notation and basic results 

Assume that T = (T t ) fS R is a measurabl^] measure-preserving flow acting on 
a standard probability Borel space (X,B,p). It then induces a (continuous) one- 
parameter group of unitary operators acting on L 2 {X 1 B,n) by the formula T t f = 
f o T t . By Bochner's theorem, the function t i-> J x T t f-fdp determines the so 
called spectral measure tjf of / for which <x/(i) = J x T t f ■ f dp. tel. Usually, one 
only considers spectral measures of / 6 Lq(X, B, p), that is, of elements with zero 
mean (the spectral measure of the constant function c is equal to | c| 2 <5q) - Then 
ffj is a finite positive Borel measure on K. Among spectral measures there are 
maximal ones with respect to the absolute continuity relation. Each such maximal 
measure is called a maximal spectral type measure and, by some abuse of notation, 
it will be denoted by a-y. We refer the reader to [TT] and [T3] for some basics about 
spectral theory of unitary representations of locally compact Abelian groups in the 
dynamical context. 

Assume that T is ergodic and let S — (S t )tem be another ergodic flow (acting 
on (Y, C,v)). Any probability measure p on (X x Y,B®C) which is (T t x St)t^R- 
invariant and has marginals p and v respectively, is called a joining of T and S. If, 
additionally, the flow ((T t x St)teR, p) is ergodic then p is called an ergodic joining^ 
The ergodic joinings are extremal points in the simplex of all joinings. If the set 
of joinings is reduced to contain only the product measure then one speaks about 
disjointness of T and S |7| and we will write T J- S. Similar notions appear when 
one considers automorphisms. Note that whenever for some t ^ 0, T t _L St then 
T -L S. Note also that whenever 

(6) T is weakly mixing then T J- S if and only if T\ _L S\. 

Indeed, if T\ JL Si then there exists an ergodic joining p between them different 
than the product measure. Then, po(T r x S r ) for < r < 1 has the same properties. 
By disjointness of T and S, J Q po (T r x S r ) dr = /i <g) v. But T\ is weakly mixing, 
so p® v is an ergodic joining of T\ and Si, and therefore po (T r x S r ) = p® v. We 
refer the reader to [5] for the theory of joinings in ergodic theory. 

A flow T is called Gaussian if there is a T-invariant subspace H C Lq(X,B,p) 
of the zero mean real-valued functions such that all non-zero variables from % are 



'Measurability means that for each / e L 2 (X,B,/i) the map t i— ¥ f o Tt is continuous. 
'If T = cS then we speak about self-joinings. 
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Gaussian and the smallest cr-algebra making all these variables measurable equals 
B. A Gaussian flow is ergodic if and only if the maximal spectral type on H is 
continuous (and then T is weakly mixing). Since Gaussian variables are real, it is 
not hard to see that their spectral measures are symmetric, that is, for / € "H, aj 
is invariant under the map : x M- —x. 

A standard way to obtain a (weakly mixing) Gaussian flow is to start with a 
finite positive continuous Borel measure er on R+. Consider the symmetrization 
a = a + (R-i)*a^ We let V = (Vt)teU denote the one-parameter group of unitary 
operators on L 2 (M.,a) defined by V t (f)(x) — e 2lxltx f [x) . Then the correspondence 

(7) fix) ^ f(-x) 

yields the unitary conjugation of V and its inverse. Let (X, B, /i) be a Gaussian 
probability space, that is, a standard probability space together with an infinite 
dimensional, closed, real and ^-generating subspace T~L C L 2 (X,B,/j.) whose all 
non-zero variables are Gaussian. We then consider T-L + iH, so called complex 
Gaussian space, and define an isomorphic copy of V on it. It is then standard to 
show (see e.g. [17] . Section 2) that V has a unique extension to a (measurable) flow 
T a = (If) of (X,B,fji) for which U T? \ H+in = V u t € K. By the same token, the 
correspondence Q extends to an isomorphism of (X, B, fi) which conjugates the 
Gaussian flow and its inverse (TZ t )t^s.- 

A Gaussian flow T a is called Gaussian-Kronecker (FS resp.) if a is a continuous 
Kronecker (FS resp.) measure. Following |T7j, a Gaussian flow (with the 
Gaussian space Ti) is called GAG if for each its ergodic self-joining r) the space 

{f(x) + g(y)-- f,geH} 

consists solely of Gaussian variables (the flow (T t CT x T t CT ) te R is then a Gaussian flow 
as well). We have [17] 



GAG flows 



FS-flows 



Gaussian 

-Kronecker 

flows 



simple spectrum flows 



FIGURE 2. Different subclasses of GAG flows 

For all these classes of flows we have that if T CT is in the class, so is T CTs for s ^ 0. 

In general, Gaussian flows given by equivalent measures are isomorphic. It fol- 
lows from [TTJ that any isomorphism between a GAG flow T a and another Gaussian 
flow l~ v is entirely determined by a unitary isomorphism of restrictions of the uni- 
tary actions (T^) tG ^ and (T t l/ ) tg R to their Gaussian subspaces. That is, in the GAG 
situation, T a are T" are isomorphic if and only if a = v. If we apply that to a and 
a s for s € R + we will immediately get to hold (in the GAG case). 

We will now prove the following. 

Proposition 7. Assume thatT a is GAG. Fix s ^ 0. Then the sets of self-joinings 
ofT" and of self-joinings ofT° are the same. (Hence ergodic self-joinings are also 
the same.) In particular, the factors and the centralizer of the flow and of the time 
s- automorphism are the same. 

^In general, when / is a measurable map from (X, B) to (Y, C) and k is a probability measure 
on X then is the measure on Y defined by /„(k)(C) = k(/ _1 (C)). 
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Proof. This follows from the proof of Theorem 6.1 in |1Q] which asserts that such 
an equality of the sets of self-joinings takes place whenever each ergodic self-joining 
of the flow is an ergodic self-joining for the time-s automorphism. In the GAG case, 
by definition, such ergodic joinings for the flow T a are Gaussian joinings, so they 
are automatically ergodic for the Tf |T7]. □ 

Corollary 8. Assume that T a is GAG. Then T° is a GAG automorphism for each 
We will also make use of the following results. 

Theorem 9 ([17 ). Assume that T CT is GAG and let T r> be an arbitrary Gaussian 
flow. Then T a _L T 1 ' if and only if a _L rj * S r for each rel. 

Proposition 10 (|T5|). If (Ji and a 2 are measures with the FS property andT ai J_ 
T a2 then a = h(a% + a 2) is also an FS measure. 



2. Auxiliary lemmas 

Given a compact subset X C K denote by 'P(X) the set of all Borel probabil- 
ity measures concentrated on X endowed with the usual weak topology which is 
compact and metrizable: if {/„ : n > 1} is a dense set in C(X) then 



00 

(8) d M = £^r 



|J fnda- J f n dr)\ 



\J fn da - J f n dr]\ 

defines a metric compatible with the weak topology. Denote U(X) = {/ g C(X) : 
l/l = 1} which is a closed subset of C(X) in the uniform topology, in particular 
U(X) is a Polish space. 

Lemma 11. Assume that X — [a, b] . Let {ho, hi, ... , h m } C K* be a Q-independent 
set. Then for each f Eld ^Ujlg hjXJ and e > 

A/, s (/ii,...,/i m ) : = 
l<)) {aeV([a,b}): (3t G R) ||/ - ZtWvfr^. Er=o ahj) < e} 

is open and dense in V([a, b]). 

Proof. The set Af e (hi, . . . , h m ) is clearly open, so we need to show its denseness in 
P(X). Since discrete measures with a finite number of atoms form a dense subset of 
V(X) we take v = X} s =i a s&y s with y s £ [a, b], a s > 0, s = 1, . . . , N and X^fLi a s 
1 and fix S > 0. All we need to show is to find a subset {xi, . . . , x^} C [a, b] such 
that \x s — y s \ < S for s = 1, . . . , N and such that the set 

m 

L := {hjXi, . . . , hjXjsi} is Q-independent . 

3=0 

Indeed, in this case by Kronecker's theorem, the set L is a finite Kronecker set, so the 
measure SjLo (EfLi o s <5a; s ^ is Kronecker, whence belongs to Af t€ {hi, . . . , h m 

and it ^-approximates v. To show that x±, . . . , xn can be selected so that L is Q- 
independent, consider the algebraic varieties of the form 

m N 

( Zl ,...,z N )e X xN : J2^ k js h 3 z s= 
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for some non-zero integer matrix (kj s ). Since 

m N N I m 

^ kj S hjz s = j 5Z kj s hj 

and J^jLo^jshj ^ whenever (fco s , • • • , k ms ) ^ (0, ...,0) (and there are such 
vectors since the matrix (kj s ) is not zero), each such variety has TV-dimensional 
Lebesgue measure zero. Since there are only countably many such varieties in- 
volved, we may discard the union 5* of them from [a, b] xN . Now, each choice of 
(xi, . . . , xn) from (j/i — S, y\ + 8) X . . . X (yjy — S, i/n + S) \ S satisfies our require- 
ments. □ 

Lemma 12. Given H C R.5. a countable subset which is a ^-independent set, the 
set of continuous (Kronecker) measures er G V([a,b\) for which the measure 

(10) dh^h * s a Kronecker measure (onM.) 

heH 

for each choice of > 0, ^2heH a h = is a Gs and dense subset of V{[a,b\). 

Proof. Denote by V c ([a, b]) the set of continuous measures which is a Gs and dense 
subset of V([a, b]). Let H = {ho, hi, hi, . . .}. For every m > fix a countable dense 

family j<?j"^ : i > l| C U ((J^Lo hi[ a > &])■ Then, by Lemma 



11 



the set 



TCI — 1 Z — 1 p — 1 

is G5 and dense in V{\a, b]) and it remains to show that this is precisely the set of 



measures satisfying (10 1. Indeed, given m > 1, the set 



JC m (H) :=V c ([a,b])nf] p| A f ( m))i (/»i,...,ft m ) 
i=ip=i 1 p 

is precisely the set of continuous Kronecker measures a € "P([a, 6]) such that the 
measure m j ) _ 1 o~hi is a Kronecker measure (on the real line). Moreover, each 
measure absolutely continuous with respect to a Kronecker measure is also a Kro- 
necker measure [15] ■ Therefore the set K. m (H) is equal to the set of all Kronecker 
measures a £ V([a, b]) such that X)"=o^ cr ' i ; ^ s Kronecker for arbitrary choice of 
bi > 0, Y^iLo h = 1. Finally, for each m > 1, 

^ m ^ m 

^vm /] a h^hi < ^T/J Cr 'i ! ' 

> n ah ^-^ m + 1 

so if for each m > 1 the measure y^-_ 07^ is Kronecker, so is Q-hVh- O 

Remark 1. The idea of the above proofs is taken from a letter that has been sent to 
us by T.W. Korner. In this letter, T.W. Korner shows that given a transcendental 
number h £ K, for a "typical" (in the Hausdorff metric) closed subset K C [a, b] 
the set K U hK is Kronecker and uncountable. The proofs are the same since finite 
sets are dense in the Hausdorff metric and if h is transcendental then given distinct 
Hi, ■ ■ ■ ,Un € [a,b] and 8 > we can find qi € Q so that for Xi := h 2l qi we have 
\%i — Vi\ < £ f° r * = L • • • > N and clearly the set {x\, . . . ,xn, hx\, . . . , Jixn} is Q- 
independent. It only remains to notice that uncountable closed subsets are typical 
in the Hausdorff metric. 

Note also that using the proofs of Lemmas |TT| and 12 given H C R* + a count- 
able multiplicative subgroup which is additively Q-independent, we obtain that a 
typical (with respect to the Hausdorff distance) closed subset K c [a, b] has the 
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property that for each finite subset C C H the set IJ^gc * s Kronecker, so the 
set IJ/igff hK is a Q-independent F a -set. 

We will also need the following "compact Q-independent set" version of Lemma|l2} 

Lemma 13. Assume that K C R is a compact uncountable set. Assume that 
H C is a countable set which is additively Q-independent. Assume moreover 
that the set [J heH hK is Q-independent. Then the set of continuous (Kronecker) 
measures a concentrated on K for which the measure 

(11) a^cTh is a Kronecker measure 

heH 

for each choice of ah > 0, ^2heH a h — is a Gg and dense subset ofV(K). 



Proof. This follows from the proofs of Lemmas 1 1 and |12[ where in addition the 



proof of Lemma 11 is simplified; indeed, for any choice of {yi, . . . , j/jv} C K the set 
Uj=o't' l J^ 1 ' ■ ■ ■ ' hjyN} is Q-independent by assumption (so we may take Xi — yi for 
i = l,...,N). □ 

Remark 2. For any non-trivial compact interval [a, b] C K denote by ■pI^^R) 
the set of measures v £ V C (J&-) such that v([a, b]) > 0. Since the map "P C (R) 9 
v i y u([a,b}) G R is continuous, the set 7-'I a ' b '(R) is open and dense in V C (M.). 
Let us consider the map A = A^- 6 ! : p|° ,bI (R) ->■ V c ([a,b]) such that A(v) is 
the conditional probability measure v( ■ \ [a, b]). This map is continuous and the 
preimage of any dense subset of V c ([a, b]) is dense in 7-'| a ' b ' (M). Indeed, let A C 
V c ([a, b]) be dense and take any v £ 7- > | a ' b '(K). Then there exists a sequence (i?„)„<i 
in A such that v n — > A(i/) weakly. For every n > 1 define that 
the restriction of v n to [a, 6] is f([a, b])v n and the measures v n and coincide on 
R \ [a, 6]. Then A(z/ n ) = € A and z^„ — > v weakly. Consequently, the preimage 
A- 1 A of any G s dense subset A C "P c ([a, 6]) is G 5 dense in p| a '^(R). 

Before we prove a certain disjointness property of Kronecker measures, we will 
need the following general observation. 

Lemma 14. Let (X, B) be a standard Borel space and let (p : X — > X be a measur- 
able map. Let a be a finite positive continuous Borel measure on X such that 
the map (p : (X, a) — > (X, tp*a) is almost everywhere invertible. Assume that 
<j({x £ X : (p(x) = x}) = and that the measures a and ip*a are not mutu- 
ally singular. Then there exists a measurable set A G B such that o~(A) > 0, 
a(An ip^ 1 A) = and the measures a and (p*a restricted to A are equivalent. 

Proof. By assumption, there exists Y £ B such that a(Y) > and the measures a 
and <p*<T restricted to Y are equivalent. It follows that if A £ B, A C Y, cr(A) > 0, 
then the measures a and ip*a restricted to A are also equivalent. 

Case 1. Suppose that there exists B £ B such that B C Y and cr(B \ (p{B)) > 0. 
Set A := B \ tp(B). Then a (A) > and A n ip~ l A = (B\ tp(B)) n (f^B \ B) = 0. 
Since A C B C Y . our claim follows. 

Case 2. Suppose that for every B £ B with B C Y we have a(B \ f(B)) = 0. 
As a and ip*a restricted to Y are equivalent, it follows that 

(12) Q = ip*<j(B\ip(B)) = a{ip- 1 B\B) for every B C Y. 

We now show that there exists A £ B such that A C Y, cr(A) > and a{AC\p^ 1 A) = 
0, which gives our assertion. Suppose that, contrary to our claim, for every A £ B 
with A cY the condition a(A) > implies cr(A n <p~ 1 A) > 0. It follows that 

(13) a(B\(p- 1 B) = for every measurable B £ B with B C Y. 
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Indeed, otherwise for some B as above, A := B \ tp 1 (B) C Y would be of positive 
CT-measure and since 

(B \ tp^B) n ip-\B \ ip~ l B) = (B\ ip~ x B) n (tp^B \ <p~ 2 B) = 0, 

and we would get a(A n p^ 1 A) = 0, a contradiction. 



Now, (12) combined with (13 1 gives a(BAip 1 B) 

>r er-a.e. x € Y, con 

9 s (t) = t + s. Recall that for every n € Z and 



for every B £ B with 

B <zY . It follows that p>(x) = X for er-a.e. x *G Y, contrary to assumption. □ 



For any real s let 
zi, z 2 € S 1 we have 

(14) 



< \n\\ Zl -z 2 \. 



Lemma 15. Let a be a continuous Kronecker measure on R. Then for every 
s € Q* \ {1} and reltoe have er _L cr s * <5 r . 

Proof. Suppose that, contrary to our claim, there exists s E Q* \ {1} and r € K 
such that a _Z cr s * S r . Let := 9 r o R s . Then ip : R — > R is an invertible map with 
one fixed point and er s * S r = p*o. By Lemma |14[ there exists a Borel set Aq C R 
such that cr(Ao) > 0, a(Ao n (/3 _1 Ao) = and the measures er, p^a restricted to 
Aq are equivalent. Thus a(<p~ 1 Ao) > 0. Let Ai,A 2 C be disjoint Borel subsets 
such that a(p^ 1 A 1 ) > and a{tp~ 1 A 2 ) > 0. 

Let s = q/p with p and g relatively prime integer numbers. Choose z G S 1 such 
that Zq 7^ 1. Let us consider the measurable map / : R — > S 1 such that /(a;) = z 
if a; € p~ 1 A 2 and /(a;) = 1 otherwise. Since a is a Kronecker measure, there 
exists a sequence (i„) Tl gN of real numbers such that £t n — > / in L 2 (R, er). Thus 
£t„ ° ~~ ^ / ° f^ 1 m L 2 (R, <yj*cr). Since 

:= XA„(a;) |exp(27rit nS ) - 1| < |£ t Jx) - 

9n{x) ■= XaA x ) \exp(2Trit n s~ 1 (x - r)) - l| < |6„0 _1 2:) - f{ip~ x x)\ 

9n{ x ) XA 2 (x)\exp(2irit„s- 1 (x - r)) - z \ < \^ tn (p~ 1 x) - f(p^x)\ , 

it follows that (<?°) tends to zero in measure a and the sequences (g„), (g 2 ) tend 
to zero in measure p^a. As er = (^er on and A\,A 2 C Ao, the sequences (c/^), 
(<? 2 ) tend to zero in measure er, as well. Fix 



(15) 



< £ < 



2(bl + kl)' 



0,1,2 and n G N such that for 



Then there exist measurable sets A' k C A k , fc 
fc = 0,1,2 

cr(A fc \ A'*.) < i mm(a(A 1 ),o-(A 2 )) and gr^(a?) < e for all x e A' k . 

Therefore for k = 1 , 2 we have 

^•A* \ A!a) < a(A \ A' ) < ^a(A k ) and a{A k \ A' k ) < ^a(A k ), 

so o-(A' n A' k ) > <r(A k )/2 > 0. Choose two real numbers xi e A' n A^ and 
x 2 G A[, n A' 2 . Then 



|exp(27rzi„a;i) - 1| = 9n(xi) < e, 
\exp(2mt n x 2 ) - 1| = g°(x 2 ) < e, 



exp(27rzi„-(a:i 



exp(27rii„-(x2 - r)) 
9 
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In view of ( 14 1, 

\exp(2irit n pxi) - 1| < \p\e, \exp(2-!rit n p(xi - r)) - 1| < \q\e, 
\exp(2irit n p x 2 ) - 1| < |p|e, |exp(27rit n p(x 2 - r)) - 2$| < |c/|e. 

Hence 

|exp(27rrt„pr) - 1| < (\p\ + \q\)e, \exp(2mt n pr)z% - 1| < (|p| + |g|)e, 

so 

|l-z 9 |<2(H + |g|) £ , 



contrary to ( 15 I . □ 

Let us now consider the space 'P(R) of all Borel probability measures on R 
endowed with the weak topology. 

By supp(er) we always mean the topological support of the measure a. Let us 
recall that 

if cr £ V{R) has supp(cr) = R 
' J<> ' then the set {v £ V(R) : v < a} is dense in V(R). 

Denote by V C Q&) the se t of all continuous members of "P(Ml) (this is a Gg and dense 
subset of V(R)). 

The proof of the lemma below is a slight modification of the proof of Lemma 3.1 
from [4]. 

Lemma 16. The set 

S = {a E V C (R) : <t s _L a * S t for each lfseR*, teM.} 
is Gg and dense in 'P(R). 

Proof. Denote by X the family of open subset of R which are finite unions of open 
intervals. Recall that for two measures cr, v E 7 , (R) 

(17) cr _L v ^> V neN 3 ex <r(0) < 1/n and > 1 - 1/n. 

For any compact rectangle / x J c (R* \ {1}) x R denote by V(I x J) the set of 
all finite covers of I x J by compact rectangles contained in (R* \ {1}) x R. Notice 
that for each open subset O £ I the map 

(18) -Pc(R) x R* x R 3 (a,s,r) ^ a s *S r (0) £ R 

is continuous. Therefore, given a compact rectangle F C (R* \ {1}) x R and an 
open subset O £ I the map 

f F o - VJM.) 9 cr ^ (a(0), max a s * SJO)) £ R 2 

\ (s,r)eF J 

is continuous. Let 

§ = n n n u nuu^- v«, °°) x v«)) . 

/jri ./ neN K ev(/xj) Fe«oei 

where / and J run over closed intervals with rational endpoints. Then 5 is a Gj 
set. 

We claim that S = S. Indeed, let a £ S. Let 1^1 and J C R be compact 
intervals and n £ N. By assumption and ( 17 1, for every (so, ro) £ I x J there exists 
an open set O so ,r S ^ such that 

cr((9 So , ro ) > 1 - 1/n and a Sa * S ro (0 So ^ ) < l/n. 
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Since the map ( |18| ) is continuous, there exist open rectangles U' SQ ra C U So _ ro C M 2 
such that (sqj fo) & U' Sg ro and a compact rectangle F 80tra C (R*\{1}) xl satisfying 



U 's ,r C F s ,ro C ^o,r such that 



cr s * <5 r (O S()!r0 ) < 1/n for all (s,r) E U SOt r . 

Since / x J is compact and r : (s, r) G I x J} is its open cover, there exists a 
finite cover k := {-F si , ri , ■ • ■ , F Sk , Tk } of / x J. It follows that 



r . (a) € (1 — 1/n, oo) X (— oo, 1/n) for all j = 1, . 



thus a 6 5. 

Suppose that a E S and fix so € M* \ {1}, ro 6 I and n E N. Next choose 1^1 
and J C 1 compact intervals such that (so,fo) € -fx J. By assumption, there 
exists a finite cover k E V(I x J) such that for every F E k there exists Op El 
with 

cr(C F ) > 1 - 1/n and a s * 6 r (0 F ) < 1/n for all (s,r) G F. 



Choosing F E k for which (so,ro) € -F and applying (17) we have that a and 
<7 So * <5 ro are orthogonal, so a E S. 

It remains to show that S is dense. To this end we use the proof of Proposition 
3.4 in [J. Namely, in this proposition there is a construction of a weakly mixing 
flow T such that for a certain sequence of real numbers Uk — > oo we have: for each 
I E N 



(19) 



T-duu -> 10 for d = 1 - ltT 1 and 



(20) T_ CMfc -> uniformly in c € [1, 10'] 

(the convergence takes place in the weak operator topology). It follows that 

(21) a Td _L a Tc * 5 t 

for all fef; indeed, (19 1 and (20) mean respectively 

-/ 



e„ fc -> 10 ' weakly in L (R, a Td ) , 



and 



£ Ufc weakly in L 2 (l 
It is easy to see that the latter condition implies 

iu k — > weakly in L 2 (M, ar c * $t) 



for each t E 



and the mutual singularity (21) follows. 



Now, in view of (211, aj- _L <Jj- c/d * S t /di and since in (20 1 c can be replaced by 
— c, it follows that aj- E S. It is also clear that S is closedunder taking absolutely 
continuous measures. Since supperx =IR.F] the result follows from (16). □ 

Recall also the following basic observation. 

Lemma 17. Let s = (sj)j>i be a sequence of positive numbers and let g = {gj)j>i 
be a sequence of uniformly bounded continuous functions. Then the set 

Ws,g = {v E V(R) : (3 t n oo) (V j > 1) £ Sjtn -> gj weakly in L 2 (R, v)} 

is G s in V(R). 



This fact is well known for Z-actions, e.g. 1201 . Chapter 3, and can be easily rewritten using 
special representation of flows. See also the proof of Theorem A in 1221 . 
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Proof. Let (/ m )m>i be a sequence of continuous functions on R uniformly bounded 
by 1, which is linearly dense in L 2 (R, v) for every v G T'(R). Set 



[ m,j>l R 



e 2 ™*™ - 9j (x)) f m (x) dfi(x) < 
The set TZ(n, e) is open. To complete the proof it suffices to notice that 

n n u ^( n ' £ )- 

Q3e>0 m>l n>m 

□ 

Lemma 18. Let H C R!j_ 6e a countable multiplicative subgroup. Then for a typical 
v G V(M) the measure rj := J2heH a h v h (with ah > and J2heH a h = ) D^ds a 
Gaussian flow ']~ v ' m + with simple spectrum. 

Proof. Set G = -H U H and let H = {s, : i > 0} (s = 1). In @], Danilenko and 
Ryzhikov constructed a rank-1 flow 7" preserving a c- finite measure /i (the flow acts 
on {X, B, /j,)) such that if a = aj- denotes its maximal spectral type on L 2 (X, B, fi) 
then the Gaussian flow 

(22) -y-(lli>i 5T <J =i)k+ h as simple spectrum. 

To prove this, they used the following properties of T: 

a ) T V2s e WCP(T S ) Q for each s G if, 

b) i/ + 2-iT s G V^CP(T S ) for each s G # and g G N, 

c) for each finite sequence si < S2 < • • • < Sk of elements of and each 
1 < Iq < k there exists tj — > oo such that 

(i) T tjS . ->&Ii£l<l<k,l?lo, 

Notice that the conditions a), b) and c) can be expressed as follows in terms of 
weak convergence of continuous and bounded functions in L 2 (K,cr): 
a') for each s G H there exists a sequence — > oo such that 

b') for each s G H and q G N there exists a sequence rik — > oo such that 

i -^- + q —i 

c') for each finite sequence si < S2 < ■ • • < Sfc of elements of H and each 
1 < < there exists £j — > oo such that 
(i) it,., -> if 1 < i < k,l^l , 

(ii) £tjSi 2kis lo - 

The arguments used in the proof of Theorem 4.4 in [3] show that for each continuous 
probability measure a on 1 conditions a'), b') and c') i mpl y the simplicity of 
spectrum of the flow K + . Moreover, by Lcmmal 



17 



the set of measures 

v G 'P(R) satisfying these conditions is G$. We will show now that it is also dense 
in 'P(R). Notice that conditions a'), b') and c') hold also in L 2 (R, v) for any v <C a. 
Since 177- is the maximal spectral type of a rank-1 infinite measure-preserving flow 
T, the Gelfand spectrum of the corresponding Koopman representation is equal 
to R. It follows that the topological support of 177- is full and therefore the result 



follows from (16 1. □ 



^An operator Q belongs to the weak closure of powers WCP(-R) if for an increasing sequence 
(mj) of integers, R m i — > P in the weak operator topology. 
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3. Proofs of theorems 



Proof of Theorem^ (based on Lemmas 12 and |16| ) Using these two lemmas, for a 



"typical" (continuous, Kronecker) measure a G V([a, b]) we have (with > 0, and 
J2heH a h = 1) 

where rj := ^ heH ah&h is a Kronecker measure and moreover 
(23) a s _L a * S t 

for each non-zero real s ^ 1 and arbitrary tgl. All we need to show is that when 
s ^ —H U H then r/ s ^ r\. However if s ^ H then even more is true: 77 _L ?7 S * 6 t for 
arbitrary t G M and s ^ {0, 1}. It follows that 

rj s _L rj * S t 

for each s £ —HUH and tel. In view of Theorem [9j it follows that T v is disjoint 
from T'' s (isomorphic to TJ 1 ) for s £ —H U H. In particular, —H U H = /(T 7 ') and 
the result follows. □ 



Proof of Theorem\3j (based on Lemma 13 ) Given H C a multiplicative sub- 
group which is an additively Q-independent set, in [6 , there is a construction 
of a perfect compact set K such that K := [J heH hK is independent and for 
K := K U K the following holds: (rK + t) n K is countable whenever |r| ^ iJ 



and t € K is arbitrary. Using Lemma 13 find a (continuous, Kronecker) measure 



o~ G V{K) such that ry := 'Ylih^H ah(Jh - ^ s a Kronecker measure. Then rj is concen- 
trated on K. All we need to show is that if \r\ £ H, then the symmetrization of r\ r 
is not equivalent to the symmetrization of rj. This is however clear, since the sym- 
metrization of rj r is a continuous measure concentrated on rK. As in the previous 
proof we deduce that for s ^ —H U H we obtain disjointness of the corresponding 
flows. □ 

Proof of Theorem^ First notice that directly from Lemma |15| it follows that 
whenever a is a Kronecker measure then for each ri,r 2 G Q*, ri 7^ r 2 , we have 

<r ri _L oy 2 * <5 t for each t G K. 

It follows that a ri _L 5v 2 for all t G BL so by Theorem[9j the Gaussian-Kronecker 
flows T <Tri and T^ 2 are disjoint. In view of (|6|, it follows that Tf'' 1 _L if" 2 , thus 

± r l - 1 - - L r 2 - 

Now suppose that T = T a : {X, B, fi) — > (X, B, /x) is a Gaussian-Kronecker 
automorphism, i.e. a = do + cr"o f° r a continuous Kronecker measure ao 
Denote by cr' the image of uq via the map T3zh> Arg(z)/27r 6 [0, 1). Then cr' is 
a continuous Kronecker measure on K such that (£i)*cr' = cr and a' * 6 m _L a' for 
all m G N. Denote by H the Gaussian space of the flow T a . Then the Koopman 
operator of Tf has simple spectrum on T-L and its spectral type is (£i)*<7' = cr, see 
Appendix in [IB]. Since the spectral type of Ci (with respect to Tf ) is (£i)*cr' = cr, 
it follows that (1 o (Tf )™, n G Z, span the space T-L. Thus Tf is isomorphic to X^. 
By the first assertion of the theorem, it follows that T" is disjoint from T™ for any 
pair of distinct natural numbers. 

In order to prove the second part of the theorem note that if s is irrational 



then the set {l,s} is Q-independent, so by Lemma 12 we can find a (continuous, 
Kronecker) measure a G V([a,b]) such that rj := ^(o~ + a s ) is a Kronecker measure. 
Since a s <C i] and a s <C rj s the Gaussian-Kronecker flows 7~ v and T 1 ' 3 have a 
common non-trivial (Gaussian) factor. Its time one map is a common non-trivial 



°T stands for {z e C: \z\ = 1}. 
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factor of and T^ s and it remains to notice that the Gaussian automorphism T^ s 
is isomorphic to TJ. □ 

Proof of Theorem^ Let H = G fl Ml. and let {a^jheH be positive numbers such 



that *52h£H a h = 1- By Lemmas 16 18 and Lemma 12 (applied to H = {1}) 
combined with Remark [2j there exists vE V C {R) such that 

(i) i/ s _Li/* S t for all s£l'\ {1} and t E M; 

(ii) the Gaussian flow 7~^' h€H q 'i 1/ s )Ir + simple spectrum 

(iii) := A(z/) e T-'cQa, 6]) is a Kronecker measure 

(in fact, for a "typical" z/ € V C Q&) the properties (i)-(iii) hold). Since the conditions 
(i) and (ii) hold also for any measure absolutely continuous with respect to u, 
the Kronecker measure v satisfies (i) and (ii) as well. Therefore, setting a :— 
^2h£H a h v s, by (ii), the Gaussian flow T a has simple spectrum. The same argument 
as in the proof of Theorem[3]shows that (i) together with (ii) imply I(T a ) — —HUH 
and T v " -L T Vr whenever |rj ^ \s\. Each Kronecker measure Vh, h E H is an FS 
measure so, by Proposition 10 it follows that a — ~^2 heH a^Vg is an FS measure 
which completes the proof. 

Proof of Theorem^ The first part follows from Lemma [16] along the same lines as 
the first proof of Theorem [3] (for H = {1}). 

In view of Corollary 2 in [16], a typical flow T has the SC property^ which is 
equivalent to the fact that r p CTr has simple spectrum. In particular, it implies that 
T aT is GAG. 

In order to prove that 07- _L (<tt)s * S r , s E R* \ {1} , r E R for a typical flow T 



we follow the proof of Theorem 3.2 from ^ (using Lemma 16 and the existence of 
a flow satisfying (21 1). Since T CTT is GAG for a typical flow T, by Proposition [9] 



it follows that T" s and T^ t)t are disjoint wherever |r| ^ \s\. □ 

Question. Is there a Kronecker measure a E 7 , (IR + ) such that /(T 17 ) is uncount- 
able? 

This question is to be compared with Ryzhikov's question whether there is a weakly 
mixing, non-mixing flows with uncountable group of self-similarities, see [3 , Prob- 
lem (1). 
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